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Abstract
We construct the most general couplings of a bulk seven-dimensional Yang-
Mills-Einstein N = 2 supergravity with a boundary six-dimensional chiral N =
(0, 1) theory of vectors and charged hypermultiplets. The boundary consists
of two brane worlds sitting at the fixed points of an S1/Z2 compactification of
the seven-dimensional bulk supergravity. The resulting 6D massless spectrum
surviving the orbifold projection is anomalous. By introducing boundary fields
at the orbifold fixed points, we show that all anomalies are cancelled by a
Green-Schwarz mechanism. In addition, all couplings of the boundary fields to
the bulk are completely specified by supersymmetry. We emphasize that there
is no bulk Chern-Simons term to cancel the anomalies. The latter is traded for
a Green-Schwarz term which emerges in the boundary theory after a duality
transformation implemented to construct the bulk supergravity.
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1 Introduction
The idea that we live on a brane in a higher-dimensional spacetime has led recently to new
possibilities for physics beyond the standard model. In the brane world, where the geometry
of extra dimensions can naturally account for hierarchies [1, 2, 3, 4], one hopes to find
constraints which will specify the matter content on the brane. For example, we know that
the cancellation of anomalies is a crucial guiding principle for the construction of consistent
theories. We are familiar with the cancellation of gauge anomalies in four dimensions,
whereas anomaly cancellation in higher dimensions [5] may also lead to powerful constraints,
especially in those circumstances where gravitational and mixed anomalies on top of gauge
ones are present as in the ten-dimensional heterotic/Type I and Type IIB string theories.
In particular, anomaly cancellation has turned out to be of great significance in the context
of effective field theories arising as low-energy limits of fundamental theories whose detailed
high-energy structure is not known. In such a case, anomaly cancellation conditions enable
us to infer information about the high-energy theory by studying low-energy physics.
In the brane world context, the prototype model combining the above ideas has been
constructed by Horˇava and Witten [6, 7]. The goal was to provide an 11-dimensional
interpretation of the E8 × E8 heterotic string. To obtain a chiral D = 10 spectrum from
M-theory, compactification on the S1/Z2 orbifold had been considered. The fixed points of
the Z2 action model two brane worlds of zero tension. The orbifold projection eliminates
certain bosonic fields and imposes chirality conditions on the spinors, thereby resulting in
a D = 10 chiral spectrum. However, the price to pay is the appearance of anomalies, whose
cancellation requires the presence of extra boundary fields, i.e. vector multiplets, which are
the only ones available in ten dimensions. The anomaly cancellation conditions uniquely
determine the gauge group on each fixed plane to be E8, and anomalies are cancelled
by inflow from Chern-Simons and Green-Schwarz terms. Moreover, the gauge coupling
constant which seems to enter as a new free parameter in the theory turns out to be related
to the gravitational coupling. Finally, the dynamics of the resulting theory in the limit of
small compactification radius are believed to correspond to a strongly coupled version of
the E8 × E8 heterotic string. The work of Horˇava and Witten provided a missing link in
the impressive chain of string dualities and triggered much recent interest in brane-world
scenarios.
Anomaly cancellation then on brane worlds in eleven dimensions severely constrains,
and in fact, completely specifies the gauge structure. This should not be anticipated
for the brane worlds constructed in five dimensions [8],[9], where the boundary gauge
group is not restricted by any local anomaly, although global anomalies may impose some
constraints [10, 11, 12]. However, gravitational anomalies also exist in six dimensions [13],
and this places nontrivial constraints on six-dimensional (6D) theories [14]-[21]. Therefore,
it is expected that the matter on six-dimensional brane worlds in seven dimensions will
also be restricted, and may even be uniquely specified, by anomaly cancellation. This
expectation has been studied in [18, 19] where it was shown that in seven-dimensional
(7D) brane worlds the gauge group structure and matter content on the boundaries will
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be similarly restricted. Of course, the dimensional reduction of the Horˇava-Witten (HW)
model automatically gives rise to brane worlds that are anomaly-free [22, 23, 24]. However,
this is not the only possibility. The starting point of the construction of [18, 19], which
we summarize, is N = 2 7D gauged supergravity with a 3-form potential. The ungauged
theory is obtained from the compactification of M-theory on K3 or, equivalently, from the
compactification of strongly coupled heterotic theory on T 3 [28]. The compactification
produces twenty two vectors resulting from expanding the eleven-dimensional 3–form on
the b2 = 22 2–cycles of the K3. Three of these vectors are members of the gravity multiplet,
whereas the remaining nineteen fill vector multiplets of the N = 2 7D theory. Each vector
multiplet also contains three scalars, and the 57 total scalars parameterize the coset space
SO(19, 3)/SO(19)×SO(3), for which an SO(3)×H or SO(3, 1)×H subgroup of SO(19, 3)
can be gauged. A supersymmetric gauged theory can be obtained after introducing an
appropriate potential for the scalar field (corresponding to the K3 volume). The scalar
potential has two extrema, leading to either a supersymmetric or non-supersymmetric
vacuum [29]. The supersymmetric vacuum has a negative cosmological constant implying
that the vacuum in the gauged theory is not Minkowski spacetime but rather anti-de Sitter,
AdS7. The AdS7 vacuum with N = 2 supersymmetry has been considered in the context
of the AdS/CFT correspondence [25], and was shown to be the supergravity dual of the
6D N = (1, 0) SCFT [26],[27].
The minimal N = 2 7D gauged supergravity may be compactified down to six dimen-
sions on S1, even in the presence of a cosmological constant as was shown in [33], resulting
in a non-chiral N = (1, 1) 6D theory. However, we are interested in the chiral N = (0, 1)
6D theory because in this case vector, tensor and hypermultiplets can couple to gravity
in a way that is restricted by anomalies. In particular, the possibility of vector multiplets
on the 6D boundaries allows one to construct theories which contain the standard model
gauge group. Thus, we need to find a way to obtain the chiral 6D theory from the 7D
gauged supergravity.
An immediate way to obtain the 6D chiral theory is to compactify on an orbifold S1/Z2.
Besides the localized gravity multiplet there will also be a localized tensor and hypermul-
tiplet in the resulting 6D N = (0, 1) chiral theory. However, the spectrum found was
anomalous because in six dimensions there are gravitational anomalies. These anomalies
were then cancelled by appropriate boundary fields such as vector, tensor and hypermul-
tiplets. The locally supersymmetric bulk-boundary couplings were derived for the case of
boundary vector and neutral hypermultiplets. In the HW model, the Bianchi identity for
the four-form field strength had to be modified in order to obtain a consistent coupling
between the boundary gauge couplings and the bulk. In the scenario of [18, 19] described
above, where only the gravity multiplet was considered in the bulk and the boundary fields
were restricted to neutral hypermultiplets, a similar modification for the Bianchi identity
occurs as well.
In this paper, we construct the gauged D = 7 minimal N = 2 supergravity on a
manifold with boundaries. The boundaries are the fixed points of the S1/Z2 orbifold
compactification of the 7D supergravity. The starting point is the 7D minimal N = 2
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supergravity theory containing the gravity multiplet and N vector multiplets, gauged with
respect to a subgroup of the holonomy group SO(N)×SO(3) of the scalar manifold. There
are two versions of this theory. The first one is based on the gravity multiplet with the
3-form potential and has been constructed in [29, 30, 33]. This is also the case consider
in [18, 19] with no vectors however. There is also the possibility for the 3-form to be traded
for a 2-form (since 2-and 3-forms have field strengths which are Poincare´ duals in 7D) and
the 2-form version of the minimal 7D supergravity has been constructed in [31, 32]. We
present the version of the theory with a 3–form potential A3 which can be dualized (in the
absence of a topological mass term) to an equivalent theory phrased in terms of a 2–form
potential B2. The dualization can be performed according to familiar methods but in our
case, care should be given to boundary terms occurring during the dualization procedure.
We need to retain such boundary terms, which are usually ignored, as in our case we have
boundaries. These boundary contributions give rise to a Green-Schwarz term, necessary
for the cancellation of anomalies.
The dimensional reduction of the resulting 2–form version of the theory on the S1/Z2
orbifold entails the assignment of a Z2 parity on the various fields as dictated by invariance
of the action and supersymmetry. After modding out Z2, the odd fields are projected out
and the surviving fields fit into multiplets of chiral D = 6, N = (0, 1) supergravity. The
boundary theory arising from dimensional reduction can be constructed in a straightforward
way and it is what one obtains by truncating D = 6, N = 4 supergravity according to the
Z2 projection.
On the other hand, the resulting theory is not self-consistent at this stage. First, the
supersymmetry transformation laws contain a certain term that breaks local supersym-
metry on the fixed planes. The resulting variations can be cancelled by adding certain
boundary potential terms for the scalars, which are interpreted as brane tensions. These
terms enter with opposite signs for the two branes and therefore, we have a positive- and
a negative-tension brane. Second, since the D = 6 theories on the fixed planes have a
chiral spectrum, they also have gravitational anomalies. To cancel these anomalies, one
must follow the Horˇava-Witten recipe and introduce additional vector multiplets, tensor
multiplets and hypermultiplets living on the fixed planes. As illustrated in [18, 19] for the
Sp(1)–gauged theory, there are many possibilities regarding the choice of the boundary
gauge groups. The anomaly cancellation conditions are similar to those presented there
and can be solved for many choices of the boundary gauge group.
Our final task is to construct the action of the boundary theory. We will consider
the case where (i) no additional boundary tensor multiplets are introduced, (ii) the gauge
group contains the Sp(nH) × Sp(1) holonomy group of the hyperscalar manifold and (iii)
the boundary hypermultiplets are charged under the gauge group. Starting from the vector
multiplets, the appropriate action can be constructed along the lines of [6, 7] starting from
the globally supersymmetric theory and introducing additional couplings with the bulk
fields. In particular, as in the HW case, local supersymmetry dictates that the 7-component
of the 3–form field strength tensor G3 should acquire a boundary value proportional to
∗ trF 2, where F is the Yang-Mills field strength. This introduces a B2 ∧ trF 2 interaction,
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which is well-known to exist in D = 6 supergravity theories coupled to tensors and plays
the role of the Green-Schwarz term.
Passing on to the hypermultiplets, we can initially construct the locally supersymmetric
action for the case where they are inert under the gauge group and then gauge the mul-
tiplets by defining appropriate covariant derivatives. Consistency of the supersymmetry
transformations then demands that the covariant derivative acting on the spinor ǫ param-
eterizing the SUSY transformations should also involve the boundary gauge fields and this
in tern implies that the variation of the gravitino kinetic term acquires an extra term. To
cancel this term, we follow the Noether method and we introduce additional couplings.
The outline of this paper is as follows. In Section 2 we present the general formalism for
the consistent coupling of 7D vector multiplets to the graviton multiplet. The 3-form ver-
sion of the 7D minimal N = 2 supergravity is presented and the 2-form version is obtained
by duality transformation keeping boundary terms which will be used later. In section 3 we
discuss the S1/Z2 orbifold compactification of the 2-form version and the resulting effective
6D theory. In section 4 we present couple the bulk supergravity to the 6D boundary theory
consisting of vectors and charged hypermultiplets and no tensor multiplets. Without loss
of generality and for notational simplicity, the 4nH scalars of the hypermultiplet are taken
to parameterize the coset Sp(nH , 1)/Sp(nH) × Sp(1), while the gauge group contains the
Sp(nH)×Sp(1) holonomy group of the hyperscalar manifold. In Section 5 we consider the
total anomaly of the theory which is localized at the boundaries and explain the anomaly
cancellation through the Green-Schwarz mechanism. In Section 6 we present the complete
total bulk and boundary Lagrangian invariant under supersymmetry. It is the most general
Lagrangian with no tensor multiplets on the boundary up to four-fermi terms. Finally, in
Appendix A, B we summarize our notation and conventions.
2 7-dimensional N = 2 supergravity
Our starting point is the gauged D = 7, N = 2 (minimal) supergravity theory. The
supergravity multiplet can be described either in terms of a 3–form potential or in terms
of its dual 2–form potential and has a Sp(1) rigid symmetry that can be gauged. The
resulting theories were first constructed in [31, 32] (2–form version) and [29, 30, 33] (3–
form version). The theory can also be coupled to N vector multiplets, in which case the
scalars parameterize a coset space and a subgroup of its SO(N)× SO(3) holonomy group
can also be gauged. These theories were constructed in [34, 35].
In this section, starting with the 3–form version of the gauged D = 7, N = 2 super-
gravity, we construct the 2–form version via a duality transformation of the standard type
[37, 38]. The difference in our case is that, we allow the 7D manifold on which we perform
the duality transformation to have boundaries. Then, in addition to standard practice,
we need also retain a certain boundary term that emerges during the duality transforma-
tion. This term will come into play when we will discuss anomaly cancellation in the 6D
supergravity living on the boundary of the 7D space.
4
2.1 General formalism
The field content of the massless representations of the minimal D = 7, N = 2 supersym-
metry algebra consists of the following multiplets
Gravity multiplet : (gMN , AMNP , A
i
M j, φ, ψ
i
M , χ
i),
Vector multiplet : (AM , φ
i
j, θ
i), (2.1)
where all spinors are symplectic Majorana and the index i = 1, 2 takes its values from the
Sp(1) R-symmetry group of the algebra. Thus, the gravity multiplet contains the graviton
gMN , an antisymmetric 3–form AMNP , an Sp(1) triplet of vectors A
i
M j, a scalar φ, the
gravitinos ψiM and spinors χ
i, whereas the vector multiplet contains a vector AM , an Sp(1)
triplet of scalars φij and an Sp(1) symplectic Majorana spinor θ
i. The Sp(1) R-symmetry
can be gauged and the resulting N = 2 7D gauged supergravity has been constructed in
[29, 30, 33].
The coupling of N vector multiplets to the 7DN = 2 supergravity leads to the reducible
multiplet
V3 = (gMN , AMNP , AIM , φα, φ, ψiM , χi, θai), (2.2)
where a = 1, . . . , N labels the individual vector multiplets, I = 1, . . . , N + 3 labels the
vector fields resulting from the combination of A iM j and A
a
M and α = 1, . . . , 3N labels the
scalars which parameterize the coset space SO(N, 3)/SO(N)×SO(3). Trading the 3–form
AMNP for a dual 2-form BMN , we obtain the reducible multiplet
V2 = (gMN , BMN , AIM , φα, φ, ψiM , χi, θai). (2.3)
The action of the theory was first found in [34] and [35], in the 2–form and 3–form version
respectively. An (N +3)–parameter subgroup of the isometry group SO(N, 3) of the scalar
manifold can be gauged. An important consequence of this gauging is the emergence of a
scalar potential, which is however indefinite.
It is useful to assemble the 3N scalars into a N × 3 matrix Φ and define the (N +3)×
(N + 3) matrix L with components
L AI =
[
exp
(
0 Φ
ΦT 0
)] A
I
, A, I = 1, · · · , N + 3. (2.4)
which satisfies the SO(N, 3) orthogonality condition
ηABL
A
I L
B
J = ηIJ ; ηAB = diag(−,−,−,+, . . . ,+). (2.5)
One needs also consider the inverse matrix L−1 with components given by
LIA = η
IJηABL
B
J , (2.6)
which satisfies
L AI L
I
B = δ
A
B. (2.7)
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We may gauge now a subgroup of the isometry group SO(N, 3) of the scalar manifold
SO(N, 3)/SO(N)×SO(3). For this, a subgroup G ⊂ SO(N, 3) is needed, whose dimension
should equal the number of vectors of the theory, i.e. dimG = N + 3. Let f KIJ be the
structure constants of G and let D = d + iA be the gauge-covariant derivative (here, we
have absorbed the gauge coupling(s) into the structure constants). Then, from L, we can
construct the Maurer-Cartan form L−1DL with components
LIADML
B
I = L
I
A
(
∂Mδ
K
I + f
K
IJ A
J
M
)
L BK . (2.8)
For the construction of the action, it is convenient to decompose the index A in L AI in
terms of SO(N) and SO(3) ∼= SU(2) indices according to
L AI =
(
L nI , L
a
I
)
=
(
L iI j , L
a
I
)
. (2.9)
where n and i are triplet and doublet indices for SU(2) respectively1. The constraint (2.5)
then is written as
L aI LJa − L iI jL jJ i = ηIJ , (2.10)
while the Maurer-Cartan form (2.8) decomposes into components as
P nMa = L
I
aDML
n
I , Q
b
Ma = L
I
aDML
b
I , Q
n
Mm = L
I
mDML
n
I . (2.11)
or, employing the SU(2) doublet notation as in [34],
P iMaj = L
I
aDML
i
Ij , Q
b
Ma = L
I
aDML
b
I , Q
i
M j = L
Ii
kDML
k
I j . (2.12)
Demanding that P and Q transform as the corresponding quantities in the ungauged the-
ory [34], the following restriction on the structure constants is obtained
f LIJ ηKL = f
L
[IJ ηK]L. (2.13)
Any solution of the above equation specifies a consistent gauging of a subgroup of the
isometry group of the scalar manifold. We may easily find solutions of (2.13) by taking ηIJ
to be the Cartan-Killing metric of the gauged algebra. In that case, the gauge group can
either be SO(3, 1)×H with dimH = N−3 or SO(3)×H with dimH = N . Alternatively,
we may consider ηIJ = (ηmn, δm¯n¯), where m,n = 1, . . . , p, m¯, n¯ = p+1, . . . , N +3 and take
ηmn to be the Cartan-Killing metric of SO(3)×H , with dimH = p−3, or SO(3, 1)×H ,
with dimH = p−6. It should be noted that there are N + 3− p U(1) factors of the gauge
group in this case.
We define also, for later use, the following projections of the structure constants f KIJ ,
C = if KIJ L
I i
k L
Jj
iL
k
K j ,
Caij = if
K
IJ L
Ii
kL
Jk
jL
a
K , (2.14)
C iab j = f
K
IJ L
I
a L
J
b L
i
K j ,
which can be proven to be the only nonvanishing projections.
1Passing from SU(2) triplet indices to doublet indices is accomplished by L iI j =
1√
2
L mI (σm)
i
j and
Q iM j =
i
2
ǫmnp(σ
m)ijQ
np
M etc.
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2.2 The 3–form theory
The Lagrangian for the reducible multiplet V3 in (2.2) which contains the 3–form is
E−1L7 = 1
2
R− 1
48
σ−4FMNPQF
MNPQ − 1
4
σ2(L iI jL
j
J i + L
a
I LJa)F
I
MNF
MNJ
−1
2
P aiM jP
M j
a i −
1
2
∂Mφ∂
Mφ− 1
2
ψ¯iMΓ
MNPDNψPi − 1
2
χ¯iΓMDMχi
−1
2
θ¯aiΓMDMθai − σ−2
[
1
8
√
2
(
ψ¯MiΓNPψQi +
1
12
ψ¯iLΓ
LMNPQRψRi
)
− 1
6
√
10
(
χ¯iΓMNPψQi −
1
4
χ¯iΓLMNPQψLi
)
− 1
160
√
2
χ¯iΓMNPQχi +
1
96
√
2
θ¯aiΓMNPQθai
]
FMNPQ
−σ
{[
i
2
√
2
(
ψ¯MiψNj +
1
2
ψ¯iLΓ
LMNPψPj
)
+
i
2
√
10
(
χ¯iΓLMNψLj
−2χ¯iΓMψNj
)
+
3i
20
√
2
χ¯iΓMNχj − i
4
√
2
θ¯aiΓMNθaj
]
L jI i
+
[
1
4
(
θ¯iaΓ
LMNψLi − 2θ¯iaΓMψNi
)− 1
2
√
5
θ¯iaΓ
MNχi
]
L aI
}
F IMN
− i√
2
(
θ¯aiψMj − θ¯aiΓMNψNj
)
P jMa i +
1
2
χ¯iΓNΓMψNi∂Mφ
+
i√
2
σ−1θ¯ajθbiC
i
ab j −
i
2
σ−1
(
ψ¯jMΓ
Mθai +
2√
5
χ¯jθai
)
C ia j
− 1
60
√
2
σ−1
(
ψ¯iMΓ
MNψNi + 2
√
5ψ¯iMΓ
Mχi + 3χ¯
iχi − 5θ¯aiθai
)
C
+
1
36
σ−2
(
C2 − 9CaijC ja i
)
+
1
48
√
2
E−1ǫMNPQRSTFMNPQΩY,RST + (Fermi)
4. (2.15)
Here, EAM is the siebenbein, σ is the following function of the scalar φ
σ = exp
(
− φ√
5
)
, (2.16)
the spinor covariant derivative DM is defined as
DMχi = ∂Mχi +
1
4
ωABMΓ
ABχi +
1
2
Q jMi χj (2.17)
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and the two field strengths F4 and F
I
2 are given by
FMNPQ = 4∂[MANPQ], F
I
MN = 2∂[MA
I
N ] + f
I
JK A
J
MA
K
N . (2.18)
Also, ΩY,MNP is a shorthand for the Chern-Simons form of the vector multiplets
ΩY,MNP = ηIJF
I
[MNA
J
P ] −
1
3
f KIJ A
I
MA
J
NAPK . (2.19)
The Lagrangian (2.14) is invariant under the following set of local supersymmetry trans-
formations
δEAM =
1
2
ǫ¯iΓAψMi,
δφ =
1
2
ǫ¯iχi,
δAMNP =
3
2
√
2
σ2ψ¯i[MΓNP ]ǫi +
1√
10
χ¯iΓMNP ǫi,
L iI jδA
I
M =
i√
2
σ−1
(
ψ¯iM ǫj −
1
2
δijψ¯
k
Mǫk
)
− i√
10
σ−1
(
χ¯iΓMǫj − 1
2
δijχ¯
kΓMǫk
)
,
L aI δA
I
M =
1
2
σ−1ǫ¯iΓMθ
a
i ,
δL iI j = −
i√
2
(
ǫ¯iθaj − 1
2N
δij ǫ¯
kθak
)
L aI , (2.20)
δL aI = −
i√
2
ǫ¯iθajL
j
I i,
δψMi = DMǫi +
1
80
√
2
σ−2
(
Γ NPQRM −
8
3
δ NM Γ
PQR
)
FNPQRǫi
+
i
10
√
2
σ
(
Γ NPM − 8δ NM ΓP
)
F jNP i ǫi −
1
30
√
2
σ−1CΓMǫi,
δχi =
1
2
ΓM∂Mφǫi +
1
24
√
10
σ−2ΓMNPQFNPQRǫi
− i
2
√
10
σΓMNF jMNi ǫj +
1
6
√
10
σ−1Cǫi,
δθai = −
1
4
σΓMNF IMNL
a
I ǫi +
1√
2
ΓMP a jM i ǫj −
i
2
σ−1Cajiǫj .
where ǫi is a symplectic Majorana spinor.
We should here remark that the action of the theory may in principle include the
topological mass term
Sm =
h
36
∫
d7xǫMNPQRSTFMNPQARST , (2.21)
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which is present in the pure supergravity case (no vector multiplets). This term has im-
portant implications for the 6-dimensional theory obtained by reduction on S1 [33] while,
in the context of S1/Z2 compactification, its variation contributes to the anomaly and the
anomaly cancellation conditions lead to a relation fixing the boundary Yang-Mills coupling
in terms of the gravitational coupling and h [18, 19]. In addition, this term explicitly de-
pends on A3 and thus it is not possible to perform a duality transformation to obtain an
equivalent theory with a 2–form potential. However, in the presence of vector multiplets,
this term should vanish (h = 0) by supersymmetry and thus, it does not exist for the 7D
N = 2 supergravity coupled to vector multiplets [35].
2.3 Duality transformation in the presence of boundaries
It is well-known that the ambiguity in the representation of antisymmetric tensor fields,
emanating from the fact that a p–form potential and a (D− p− 2)–form potential contain
exactly the same degrees of freedom, often allows us to express a given theory involving
such a field in two dual formulations. In such a case, the two dual theories can be obtained
one from the other by means of a duality transformation [37, 38].
In the context of D = 7, N = 2 supergravity, there exist two such formulations, so that
the 3–form theory considered above has a dual formulation in terms of a 2–form potential.
The equivalence of the two theories under a duality transformation was demonstrated in
[35], where the 2–form theory was obtained by dualizing the 3–form one. Here, we shall
repeat the same construction, this time on a manifold with boundary. The difference in
this case is that the duality transformation yields an extra boundary term that will play a
particular role in the boundary theory.
The first step in the duality transformation of the 3–form potential A3 is to consider
the terms of (2.14) and (2.19) that involve the field strength F4 and replace the latter by
a new unconstrained field S4 whose SUSY transformation is taken to be the same as that
for F4. The modified Lagrangian may be written as
LS = − 1
48
Eσ−4SMNPQS
MNPQ − 1
8
√
2
Eσ−2SMNPQJ
MNPQ
+
1
48
√
2
ǫMNPQRSTSMNPQΩY,RST + . . . (2.22)
where the dots stand for the rest of the terms in (2.15) and where we defined
JMNPQ = ψ¯
i
[MΓNPψQ]i +
1
12
ψ¯LiΓLMNPQRψ
R
i −
4
3
√
5
(
χ¯iΓ[MNPψQ]i
−1
4
χ¯iΓLMNPQψ
L
i
)
− 1
20
χ¯iΓMNPQχi +
1
12
θ¯aiΓMNPQθai. (2.23)
The next step is to add the Lagrange-multiplier term
LC = − 1
48
ǫMNPQRSTBMN∂PSQRST , (2.24)
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where B2 is a new unconstrained field. Varying LC with respect to B2 would simply enforce
the Bianchi identity dS4 = 0, taking us back to the original theory. Since in that case, LS
would be SUSY-invariant, the SUSY variation of LS for arbitrary S4 is a term proportional
to ∂[MSNPQR] arising from the variations of the fermion kinetic terms. Writing this term
as
δLS = 1
48
ǫMNPQRSTXMN∂PSQRST , (2.25)
and taking B2 to transform according to
δBMN = XMN , (2.26)
we see that the “intermediate” Lagrangian,
LI ≡ LS + LC , (2.27)
is locally supersymmetric since
δLI = − 1
48
ǫMNPQRSTBMN∂P δSQRST
= − 1
12
ǫMNPQRSTBMN∂P∂QδARST = 0. (2.28)
We also note here that if F4 were to satisfy, instead of dF4 = 0, a modified Bianchi identity
of the type dF4 = I5 for some 5–form I5, (2.24) would have to be modified to
LC = − 1
48
ǫMNPQRSTBMN
(
∂PSQRST − 1
5
IPQRST
)
, (2.29)
so as to enforce this Bianchi identity on S4 when varied with respect to B2.
The next step is to integrate the Lagrange multiplier term (2.24) by parts. After that,
LI can be written in the form
LI = LI,bulk + LI,bdy, (2.30)
where LI,bulk contains the bulk terms
LI,bulk = − 1
48
Eσ−4SMNPQS
MNPQ − 1
8
√
2
Eσ−2JMNPQSMNPQ
+
1
144
ǫMNPQRSTSMNPQGRST + . . . (2.31)
and LI,bdy is the surface term
LI,bdy = − 1
48
ǫMNPQRST∂M(BNPSQRST ), (2.32)
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which, in the presence of boundaries, does not a priori vanish. In (2.31), G3 stands for the
(modified) field strength of B2, defined by
GMNP = 3
[
∂[MBNP ] +
1√
2
(
ηIJF
I
[MNA
J
P ] −
1
3
f KIJ A
I
MA
J
NAPK
)]
. (2.33)
The intermediate SUSY transformation laws for ψMi and χi are given by those in (2.20)
with F4 replaced by S4. Hence, we have
δψMi =
1
80
√
2
σ−2
(
Γ NPQRM −
8
3
δ NM Γ
PQR
)
SNPQRǫi + . . . (2.34)
and
δχi =
1
24
√
10
σ−2ΓMNPQSMNPQǫi + . . . (2.35)
where the dots correspond to the rest of the terms in (2.20).
The final step in the duality transformation is to integrate out S4. On the bulk, this
can be accomplished by using its (algebraic) equation of motion
SMNPQ =
1
6
E−1σ4ǫMNPQRSTGRST − 3√
2
σ2JMNPQ (2.36)
Substituting this result in the Lagrangian (2.15) and the SUSY transformation rules (2.20),
one obtains a dual theory, phrased in terms of the 2–form potential B2, whose Lagrangian
and transformation rules will be stated shortly. In the absence of spacetime boundaries,
this theory would be equivalent to the 2–form version of D = 7, N = 2 supergravity whose
special cases were constructed in [31, 34]. However, in the presence of a boundary, it is not:
the former theory contains the surface term (2.32) not present in the latter. Although one
could think of invoking the Bianchi identity of F4 to set the value of this term to zero, this
is not correct: in the 3–form version, anomaly and supersymmetry considerations result in
a modified Bianchi identity for F4, as in the HW case. This in turn induces a nonvanishing
boundary value for S4 so that the surface term gives rise to a 6D boundary interaction.
2.4 The 2–form theory
The gauged 2–form version of D = 7, N = 2 supergravity obtained by the duality trans-
formation discussed above constitutes a generalization of the theory constructed in [34] for
any subgroup of the holonomy group. The resulting Lagrangian for the multiplet V2 in
(2.3) is given by
E−1L7 = 1
2
R− 1
12
σ4GMNPG
MNP − 1
4
σ2(L iI jL
j
J i + L
a
I LJa)F
I
MNF
MNJ
−1
2
P aiM jP
M j
a i −
1
2
∂Mφ∂
Mφ− 1
2
ψ¯iMΓ
MNPDNψPi
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−1
2
χ¯iΓMDMχi − 1
2
θ¯aiΓMDMθai +
1
48
√
2
σ2
[
−2ψ¯LiΓ[LΓMNPΓQ]ψQi
+
8√
5
χ¯iΓLΓMNPψLi +
6
5
χ¯iΓMNPχi − 2θ¯aiΓMNPθai
]
GMNP
−σ
{[
i
2
√
2
(
ψ¯MiψNj +
1
2
ψ¯iLΓ
LMNPψPj
)
+
i
2
√
10
(
χ¯iΓLMNψLj
−2χ¯iΓMψNj
)
+
3i
20
√
2
χ¯iΓMNχj − i
4
√
2
θ¯aiΓMNθaj
]
L jI i
+
[
1
4
(
θ¯iaΓ
LMNψLi − 2θ¯iaΓMψNi
)− 1
2
√
5
θ¯iaΓ
MNχi
]
L aI
}
F IMN
− i√
2
(
θ¯aiψMj − θ¯aiΓMNψNj
)
P jMa i +
1
2
χ¯iΓNΓMψNi∂Mφ
+
i√
2
σ−1θ¯ajθbiC
i
ab j −
i
2
σ−1
(
ψ¯jMΓ
Mθai +
2√
5
χ¯jθai
)
C ia j
− 1
60
√
2
σ−1
(
ψ¯iMΓ
MNψNi + 2
√
5ψ¯iMΓ
Mχi + 3χ¯
iχi − 5θ¯aiθai
)
C
+
1
36
σ−2
(
C2 − 9CaijC ja i
)
+ (Fermi)4. (2.37)
We note that the (Fermi)4 terms are not those in (2.20), but receive an additional contri-
bution from a J4 ∧ ∗J4 term arising from the second term of (2.36).
The SUSY transformation rules for this theory are given by
δEAM =
1
2
ǫ¯iΓAψMi,
δφ =
1
2
ǫ¯iχi,
δBMN = σ
2
(
− 1√
2
ǫ¯iΓ[MψN ]i − 1√
5
ǫ¯iΓMNχi
)
+
1√
2
AI[MδA
J
N ]ηIJ ,
L iI jδA
I
M =
i√
2
σ−1
(
ψ¯iM ǫj −
1
2
δijψ¯
k
Mǫk
)
− i√
10
σ−1
(
χ¯iΓMǫj − 1
2
δijχ¯
kΓMǫk
)
,
L aI δA
I
M =
1
2
σ−1ǫ¯iΓMθ
a
i ,
δL iI j = −
i√
2
(
ǫ¯iθaj − 1
2N
δij ǫ¯
kθak
)
L aI , (2.38)
δL aI = −
i√
2
ǫ¯iθajL
j
I i,
δψMi = DMǫi − 1
120
√
2
σ2
(
ΓMΓ
NPQ + 5ΓNPQΓM
)
GNPQǫi
12
+
i
10
√
2
σ
(
Γ NPM − 8δ NM ΓP
)
F jNP i ǫi −
1
30
√
2
σ−1CΓMǫi,
δχi =
1
2
ΓM∂Mφǫi − 1
6
√
10
σ2ΓMNPGMNP ǫi
− i
2
√
10
σΓMNF jMNi ǫj +
1
6
√
10
σ−1Cǫi,
δθai = −
1
4
σΓMNF IMNL
a
I ǫi +
1√
2
ΓMP a jM i ǫj −
i
2
σ−1Cajiǫj .
3 Orbifold compactification
The potential of the 3N + 1 scalars of the theory (2.37) is given by
V (φα, φ) =
1
36
σ−2
(
9CaijC
j
a i − C2
)
(3.1)
where the projections C and Caij , introduced in (2.14), are functions of the scalars φ
α and
φ and depend on the structure constants of the gauge group. Although a general result
for the critical points of the potential (3.1) does not exist, it is not difficult to see that
the theory possesses a seven-dimensional Minkowski vacuum. Indeed, we may consider the
following scalar configuration
L nn¯ = δ
n
n¯ for n = 1, 2, 3 and L
a
a¯ = δ
a
a¯ for a = 1, ..., N, (3.2)
where we have split the index I = 1, ...., N + 3 as I = (n¯, a¯)2. It is not hard to see that
(3.2) satisfies (2.10) and that, for an appropriate choice of the gauge group, we have
C = Ca
i
j = Cab
i
j = 0. (3.3)
Then, the potential and its derivatives with respect to φa vanish for the choice (3.2) so that
φa, φ = const. is a solution, which gives rise to a 7D Minkowski vacuum.
The theory can be dimensionally reduced to six dimensions along an S1 of radius R
parameterized by x7. On S
1, the various 7-dimensional fields of the reducible multiplet
(2.3) decompose a` la Kaluza-Klein according to
gMN → gµν , Aµ, ξ˜ , BMN → Bµν , Bµ , AIM → AIµ, AI , φα, φ→ φα, φ˜
ψiM → ψiµ, ψ˜i , χi → χ˜i , θai → θai. (3.4)
The detailed reduction procedure was presented in [33]. In the reduction presented therein,
the Kaluza-Klein ansatz for the 7D metric reads
ds27 = e
−ξ˜/√5ds26 + e
4ξ˜/
√
5 (dx7 + Aµdx
µ)2 , (3.5)
2In the doublet notation, the first of (3.2) translates to L in¯ j =
1√
2
(σn¯)
i
j .
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the various 7D spinors reduce according to
ψ
(7)
µi = e
−ξ˜/4√5
[
ψµi − 1
2
√
5
(
ΓµΓ7 + 4
√
2Aµ
)
ψ˜i
]
, (3.6)
ψ
(7)
7i =
2√
5
eξ˜/4
√
5ψ˜i , χ
(7)
i = e
ξ˜/4
√
5χ˜i , θ
(7)
ai = e
ξ˜/4
√
5θai, (3.7)
while antisymmetric tensor fields reduce in the usual way. In the above, ψiµ is identified
with the 6D gravitino. As for the tilded 6D fields (ψ˜i, χ˜i) and (ξ˜, φ˜), it helps to trade them
for the fields (ψi, χi) and (ξ, φ) defined through the linear combinations
ψ˜i =
1√
5
(2ψi − Γ7χi) , χ˜i = 1√
5
(2χi + Γ7ψi) , (3.8)
and
ξ˜ =
1√
5
(2ξ − φ) , φ˜ = 1√
5
(2φ+ ξ) . (3.9)
The Lagrangian of the theory on S1 is then obtained by substituting (3.5–3.9) into (2.37).
The final result is a D = 6, N = 4 supergravity model, which can be consistently truncated
to a model with N = 2 supersymmetry.
In what follows, we will consider compactification of our theory on the S1/Z2 orbifold,
in order to obtain a model with N = 1 supersymmetry. In contrast to common practice
in bulk-brane theories, we will make the somewhat unconventional choice of writing the
7D bulk fields in the “Kaluza-Klein basis” described by the preceding equations. This
particular choice is dictated, in our case, by the fact that we intend to explore in detail
the structure of the boundary theory, which is most conveniently done in a basis adapted
for 6D fields. To avoid notational confusion, subsequent references to bulk fields will be
always accompanied by a “(7)” superscript.
3.1 Compactification on S1/Z2
To obtain a chiral 6-dimensional theory from our model, we consider compactification of
the x7 coordinate on the S
1/Z2 orbifold. The Z2 action is as usual x7 → −x7 and the two
fixed points are at x7 = 0 and x7 = πR. We should note that we may consider two different,
but equivalent, approaches. In the “downstairs” approach, one considers the 7D spacetime
manifold as the product M6 × I of 6D spacetime times the interval I = [0, πR] obtained
by modding out the Z2 symmetry. Since this is a manifold with boundary, possible surface
terms resulting from partial integrations need to be retained. In the “upstairs” approach,
which is the one originally used by Horˇava andWitten, one regards spacetime as the smooth
manifold M6 × S1 subject to Z2 invariance. On this orbifold, no surface terms arise from
partial integration; however, the fact that Z2 has fixed points requires that certain Z2-odd
functions have step-function discontinuities. In what follows, we shall mainly work in the
“downstairs” approach.
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To begin the construction of the theory, we have to mod out S1 by Z2. In order for
the reduction to be consistent, we must first make certain parity assignments to the fields
so that the Lagrangian and the supersymmetry transformation rules stay invariant under
x7 → −x7. Then, when we mod out Z2, only fields of even parity survive on the two
orbifold fixed planes. By the same considerations as in [36, 18, 19], it is easy to see that,
after the Z2 projection, the surviving bosonic fields are
gµν , Bµν , A
I , φα, φ, ξ, (3.10)
while the spinors are subject to the chirality constraints
Γ7
(
ψiµ, ǫ
i
)
= − (ψiµ, ǫi) , Γ7 (ψi, χi, θai) = (ψi, χi, θai) . (3.11)
The surviving fields can be then arranged into multiplets that furnish representations of
the N = (0, 1), D = 6 supersymmetry algebra. To perform the decomposition, we split
Bµν into a self-dual and an anti-self-dual part
Bµν = B
+
µν +B
−
µν , (3.12)
and we group all scalars except from φ and all spin 1/2 fermions except from χi+ according
to
ΦY z = (AI , φα, ξ) , ZY i+ = (ψi+, θai+), (3.13)
where the index Y runs from 1 to N+1 while z runs from 1 to 4. Then, the fields surviving
the Z2 projection can be arranged as follows
Gravity multiplet : (gµν , B
+
µν , ψ
i−
µ ),
Tensor multiplet : (B−µν , φ, χ
i+), (3.14)
N + 1 hypermultiplets : (ΦY z, ZY i+).
where the ± superscripts on spinors indicate six-dimensional chirality. Thus, the massless
spectrum of the S1/Z2 compactification consists of the graviton multiplet, a tensor and
N + 1 hypermultiplets.
In the rest of this paper, we shall study the theory pertaining to a single fixed plane
which we may take to be x7 = 0. Appropriate modifications that apply to the other fixed
plane will be indicated when necessary.
3.2 The dimensionally reduced bulk Lagrangian
The Lagrangian and the supersymmetry transformation rules of the D = 6 theory arising
from the dimensional reduction of the bulk theory can be obtained in a straightforward
way by substituting (3.5–3.9) (with Γ7 = 1 and Aµ = 0) in (2.37) and (2.38), neglecting all
Z2–odd fields and taking account of the chirality constraints satisfied by the spinors. To
keep things relatively simple, we will neglect the terms involving the bulk hypermultiplets
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(their treatment is similar to the other bulk scalars and fermions), although we will discuss
some of their consequences in what follows.
Let us start from the Lagrangian. By the reduction rules, it is clear that all kinetic
terms retain their canonical form, apart from a different scalar function in front of G3∧∗G3.
The only interactions that survive when we ignore the hypermultiplets are χ¯Γψ∂φ, ψ¯ΓψG,
χ¯ΓψG and χ¯ΓχG. The former two retain the same form as in the original action, while
the latter two reduce to
1
48
√
2
eφ
(
− 4√
5
ψ¯iλΓ
λΓµνρψ˜i +
8√
5
¯˜χ
i
ΓλΓµνρψλi
)
Gµνρ
→ 1
48
√
2
eφ
(
4
5
+
16
5
)
χ¯iΓλΓµνρψλiGµνρ =
1
12
√
2
χ¯iΓλΓµνρψλiGµνρ (3.15)
and
1
48
√
2
eφ
(
−1
5
¯˜
ψ
i
ΓµνρΓσΓ
σψ˜i − 16
5
¯˜χ
i
Γµνρψ˜i +
6
5
¯˜χ
i
Γµνρχ˜i
)
Gµνρ
→ 1
48
√
2
eφ
(
− 6
25
+
32
25
+
24
25
)
χ¯iΓµνρχiGµνρ =
1
24
√
2
eφχ¯iΓµνρχiGµνρ (3.16)
Therefore, the dimensionally reduced Lagrangian reads
e−1Lbulk = 1
2
R− 1
12
e2φGµνρG
µνρ − 1
2
∂µφ∂
µφ− 1
2
ψ¯iµΓ
µνρDνψρi − 1
2
χ¯iΓµDµχi
− 1
24
√
2
eφ
(
ψ¯λiΓ[λΓ
µνρΓσ]ψ¯
σ
i − 2χ¯iΓλΓµνρψλi − χ¯iΓµνρχi
)
Gµνρ
+
1
2
χ¯iΓνΓµψνi∂µφ+ (Fermi)
4. (3.17)
Passing on to the supersymmetry transformation laws, one has again to substitute
(3.5–3.9) in the transformation laws of the 7D theory. We easily find
δea µ =
1
2
ǫ¯iΓaψµi,
δφ =
1
2
ǫ¯iχi,
δBµν = e
−φ
(
− 1√
2
ǫ¯iΓ[µψν]i +
1
2
√
2
ǫ¯iΓµνχi
)
,
δψµi = Dµǫi − 1
24
√
2
eφΓνρσΓµGνρσǫi, (3.18)
δχi =
1
2
Γµ∂µφǫi − 1
12
√
2
eφΓµνρGµνρǫi.
The Lagrangian (3.17) and the transformation rules (3.18) are exactly the same as those
appearing in the fully truncated theory presented in [33].
16
Although we have not explicitly included the contributions of the bulk hypermultiplets
in our discussion, there is a particular effect that has to be discussed. In particular, it turns
out that the combination σ−1C appearing in the supersymmetry variation of ψiM in (2.38)
is Z2–odd and thus gives rise to delta-function terms on the orbifold fixed points. On the
x7 = 0, πR fixed planes, these can be cancelled if we introduce the boundary action
S0 = −
√
2
3
∫
d7xE σ−1C
(
δ(x7)− δ(x7 − πR)
)
. (3.19)
It is easy to see then that the boundary value of C = C(φα) and φ specifies S0, which is
nothing else that the tension of the branes at x7 = 0, πR.
4 Boundary multiplets
As we have seen in the previous section, the bulk fields surviving the orbifold projection
arrange themselves into a gravity multiplet, a tensor multiplet and N + 1 hypermultiplets
of the D = 6, N = 1 supersymmetry algebra. Since the above spectrum is chiral the
theory suffers from gravitational anomalies which render it inconsistent at the quantum
level. In order to arrive at an anomaly-free theory, we have to follow the Horˇava-Witten
recipe by adding boundary fields whose contribution to the anomalies will cancel those
of the gravitational theory. In the 6D case, the available types of boundary multiplets
are tensor multiplets and hypermultiplets such as those appearing in (3.14) plus vector
multiplets whose field content is given by
Vector multiplet : (Aµ, λ
−). (4.1)
The D = 6, N = (0, 1) supergravity theory coupled to vector and tensor multiplets has
been constructed in [43] and the inclusion of hypermultiplets has partially been obtained
in [44]. The most general up to date supergravity coupled to vectors, tensors and hyper-
multiplets has been given in [45] All three types of multiplets give extra contribution to
the gravitational anomaly of the theory. Moreover, the theory has now gauge and mixed
anomalies coming from the vector multiplets and the hypermultiplets. As we shall see in
§5, the inclusion of these multiplets makes it possible to cancel all anomalies of the theory
via the Green-Schwarz mechanism.
Considering the fixed plane x7 = 0, we introduce nV vector multiplets, nH hypermulti-
plets and nT tensor multiplets. We take the Yang-Mills group G to be a product of simple
factors, G = ∏z Gz and we further assume that G is semisimple (no U(1) factors). The
vector multiplets transform in the adjoint of G, so we have
nV = dimG =
∑
z
dimGz. (4.2)
The hypermultiplets can also be charged under the gauge group. We will let nz,k be the
number of hypermultiplets in Rz,k and nzz′,ij be the number of hypermultiplets in the
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representation (Rz,i,Rz′,j) of the product group Gz×Gz′ . Finally, the tensor multiplets are
not charged under G.
Having introduced new boundary multiplets in order to achieve anomaly cancellation,
we must now determine the appropriate action that describes these fields and their in-
teractions with the bulk fields. For its construction, some well-known facts about D = 6,
N = (0, 1) supergravity turn out to be useful. First of all, the form of the Lagrangian is not
determined by supersymmetry alone but, instead, there are some constant factors which are
determined by anomaly cancellation conditions. Second, unlike its counterpart in D = 10,
N = 1 supergravity, the D = 6 Green-Schwarz term B2 ∧ trF 2 is not a higher-derivative
correction and hence it must be present in the low-energy action in the first place; as we
shall see, this is indeed the case. Third, it is known that no invariant Lagrangian exists
for the case of antisymmetric tensor fields subject to self-duality projections, and thus an
action can be written down only when nT = 0; for simplicity, in this section only this case
will be considered.
In the remainder of this section, we will use the above insights to construct, by the
Noether method, the locally supersymmetric action (up to (Fermi)4 terms) and the super-
symmetry transformation rules (up to (Fermi)3 terms) required to describe the boundary
multiplets and their interactions with the bulk fields.
4.1 Boundary vector multiplets
The construction of the boundary vector multiplet Lagrangian proceeds by starting from
the globally supersymmetric theory and coupling it to gravity through the Noether method,
so as to restore local supersymmetry.
For the construction, some experience with HW theory is useful. In that construction,
it was found that the coupling of boundary vector multiplets to the bulk supergravity
leaves out certain uncancelled supersymmetry variations, whose cancellation requires that
the field-strength G4 of M-theory acquire (in the downstairs approach) a boundary value
proportional to trF 2, where F is the Yang-Mills field strength. In the present context, we
have the 3–form field strength G3 obtained by dualizing F4. On these grounds, we expect
that G3 must acquire a boundary value proportional to ∗ trF 2. It turns out that, due to
some subtleties related to the duality transformation in the presence of a boundary, this
will induce the Green-Schwarz term of the theory.
4.1.1 The action
We start by determining the action describing the boundary vector multiplets and their
interactions with the bulk theory, along the lines of [18, 19]. Our starting point is the
globally supersymmetric Lagrangian
e−1L(0)YM = vz trz
(
−1
4
e−φFµνF
µν − eφλ¯iΓµDµλi
)
. (4.3)
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Here, the index z labels the simple factors of the gauge group, trz denotes the relevant traces
normalized with respect to the fundamental representation, and vz are some numerical
constants that will be determined in the next section. The Lagrangian (4.3) is invariant
under the rigid supersymmetry transformations
δAµ = e
φǫ¯iΓµλi , δ0λi = −1
4
e−φΓµνǫiFµν . (4.4)
Our first step towards obtaining a locally supersymmetric theory is to introduce the usual
Noether coupling of the gravitino to the supercurrent of the multiplet. The required term
is
L(1)YM = evz trz
(
−1
2
ψ¯iµΓ
νρΓµλiFνρ
)
. (4.5)
Next, we must cancel the λ¯ΓF∂φǫ variation of L(0)YM . This variation is found to be
∆
(1)
YM = evz trz
(
1
4
λ¯iΓµνΓρǫiFµν∂ρφ
)
(4.6)
and can be cancelled by the δχ ∼ Γ∂φǫ variation of the additional term
L(2)YM = evz trz
(
−1
2
λ¯iΓµνχiFµν
)
. (4.7)
The introduction of these new interactions results in additional uncancelled terms of the
form λ¯ΓFG3ǫ coming from the δψ and δχ variations of L(1)YM and L(2)YM respectively. The
first one vanishes by the 6D identity ΓµΓνρσΓµ = 0, while the second one is given by
∆
(2)
YM = evz trz
(
1
24
√
2
eφλ¯iΓµνΓρστ ǫiGρστFµν
)
. (4.8)
This can be cancelled by introducing the additional interaction
L(3)YM = evz trz
(
1
12
√
2
e2φλ¯iΓµνρλiGµνρ
)
(4.9)
What remains is to cancel the ψ¯ΓF 2ǫ and χ¯ΓF 2ǫ terms coming from the δλ variations of
L(1)YM and L(2)YM . These terms are given by
∆
(3)
YM = evz trz
(
1
8
e−φψ¯iµΓ
µνρστ ǫiFνρFστ
)
, (4.10)
and
∆
(4)
YM = evz trz
(
1
8
e−φχ¯iΓµνρσǫiFµνFρσ
)
. (4.11)
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It turns out that these terms can be cancelled by a mechanism that will be shortly described.
Provided that this happens, we can write the locally supersymmetric Lagrangian describing
the vector multiplets and their bulk interactions in the form
e−1LYM = vz trz
(
−1
4
e−φFµνF
µν − eφλ¯iΓµDµλi − 1
2
ψ¯iµΓ
νρΓµλiFµν
−1
2
λ¯iΓµνχiFµν +
1
12
√
2
e2φλ¯iΓµνρλiGµνρ
)
. (4.12)
4.1.2 The boundary value of G3 and the Green-Schwarz term
What remains is to discuss the mechanism by which the supersymmetry variations (4.10)
and (4.11) can be cancelled, which proceeds in analogy to the HW case. There are two
ways in doing that, the “downstairs” and “upstairs” approach.
Downstairs: In this approach, one considers possible variations of the bulk action which
can be written as total derivatives with respect to x7 (see [39, 40] for a clear discussion of
this point). For reasons that will soon become clear, we start by using the gamma-matrix
duality relation (A.3) to write the uncancelled variations (4.10) and (4.11) as
∆
(3)
YM = −
1
8
ǫµνρστυe−φψ¯iµΓνǫi trz (FρσFτυ) , (4.13)
and
∆
(4)
YM =
1
16
ǫµνρστυe−φχ¯iΓµνǫi trz (FρσFτυ) . (4.14)
Next, we consider the ψ¯ΓψG3 and χ¯ΓψG3 interactions present in the bulk Lagrangian
(2.37). Starting with the former, it is easy to see that it contains the term
− 1
24
√
2
∫
d7xEσ2ψ¯LiΓ[LΓ
MNPΓQ]ψ
Q
i GMNP → −
1
6
√
2
∫
d7xEσ2ψ¯MiΓNψPi GMNP . (4.15)
Under δψ ∼ ∂ǫ, the variation of this term is given by
− 1
3
√
2
∫
d7xEσ2ψ¯MiΓN∂P ǫiGMNP , (4.16)
and its P = 7 part contributes a total x7 derivative term which, after integration over x7,
results in the boundary variation
− 1
3
√
2
∫
d7x∂7
(
Eσ2ψ¯(7)µiΓνǫiGµν7
)
= − 1
3
√
2
∫
d6xEσ2ψ¯(7)µiΓνǫiGµν7. (4.17)
Repeating the same procedure for the χ¯ΓψG3 interaction, we find that it contains the term
1
6
√
10
∫
d7xEσ2χ¯iΓLΓMNPψLiGMNP → 1
2
√
10
∫
d7xEσ2χ¯iΓMNψPi GMNP , (4.18)
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which results in the boundary variation
1
2
√
10
∫
d7x∂7
(
Eσ2χ¯(7)iΓµνǫiGµν7
)
=
1
2
√
10
∫
d6xEσ2χ¯(7)iΓµνǫiGµν7. (4.19)
The above are expressed in terms of the 7D fields E, σ, ψ
(7)
µi and χ
(7)
i . To pass over to the
basis of 6D fields we use the Kaluza-Klein ansatz (3.5–3.9). Then, it is easy to see that
(4.17) gives rise to the 6D ψ¯µΓνǫGµν7 variation
∆
(1)
B = −
1
3
√
2
eeφψ¯µiΓνǫiGµν7, (4.20)
while the combination of (4.17) and (4.19) results in a 6D χ¯ΓµνǫGµν7 variation, given by
∆
(2)
B =
(
− 1
3
√
2
· 1
10
+
1
2
√
10
· 2√
5
)
eeφχ¯iΓµνǫiGµν7 =
1
6
√
2
eeφχ¯iΓµνǫiGµν7. (4.21)
Comparing (4.20) and (4.21) with the uncancelled variations (4.13) and (4.14) respectively,
we see that we can cancel both of them by requiring that Gµν7 attain the boundary value
Gµν7
∣∣
∂M
= − 3
4
√
2
e−1e−2φǫµνρστυvz trz (FρσFτυ) . (4.22)
Moreover, we are now in a position to make sense out of our remnant from the duality
transformation of Section 2.3, namely the surface term
SI,bdy = − 1
48
∫
d7xǫMNPQRST∂T (SMNPQBRS), (4.23)
Its integration over x7 gives rise to the nonvanishing boundary term
SI,bdy = − 1
48
∫
d6xǫµνρστυSµνρσBτυ. (4.24)
for the boundary at x7 = 0. This implies that, for this boundary, the algebraic equation of
motion (2.36) of the spacetime components Sµνρσ of the auxiliary field S4 is now modified
to
Sµνρσ =
1
6
σ4E−1ǫµνρστυ [Gτυ7 − 3Bτυδ(x7)]− 3√
2
σ2Jµνρσ. (4.25)
To incorporate this modification in our theory, we must first replace Gµν7 by
G˜µν7 = Gµν7 − 3Bµνδ(x7) (4.26)
everywhere in the 7D Lagrangian (2.37) and transformation rules (2.38) and then substitute
the solution (4.25) in the surface term (4.24).
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Let us examine the new boundary terms that arise in this way. First, it is easy to see
that the Z2 chirality projections forbid the appearance of possible boundary couplings of
fermions to Bµν . Second, we notice that there also occurs a coupling
−1
4
δ(0)
∫
d6xee2φBµνB
µν , (4.27)
which looks like a singular mass term for Bµν . The appearance of such a singularity is
somewhat surprising since the theory we started with was perfectly regular; however, it
is an effect that is known to occur in dual formulations of supergravities on orbifolds.
After suitable regularization (see [42]), it turns out that this term does not affect the mass
spectrum of the theory and that B2 stays massless at tree level. Third and more important,
there appears the surface term
SGS =
1
6
∫
d6xee2φBµνG
µν7, (4.28)
which, on account of (4.22), results in the interaction
SGS = − 1
8
√
2
∫
d6xǫµνρστυBµνvz trz (FρσFτυ) . (4.29)
This is the Green-Schwarz term of our theory. Supplemented by a suitable gravitational
contribution and given an appropriate gauge/Lorentz transformation law for B2, this term
can completely cancel all anomalies of the theory.
Upstairs: To complete the discussion and to provide a consistency check for our method,
let us also briefly describe how things work out in the “upstairs” approach. In this approach,
we have to go back to the 3–form theory considered in [18, 19], where it was found that F4
should satisfy a modified Bianchi identity whose generalization to our case reads
∂[7Fµνρσ] = −3
√
2vz trz (FµνFρσ) δ(x7). (4.30)
According to (2.29), this implies that the Lagrange-multiplier action entering the duality
transformation should contain the additional term
S ′C = −
1
48
∫
d7xǫµνρστυ7Bµν
[
3
√
2vz trz (FρσFτυ) δ(x7)
]
, (4.31)
besides the usual B2 ∧ dS4 term. In the “upstairs” approach, the B2 ∧ dS4 term can be
integrated by parts without the emergence of surface terms so that the duality transforma-
tion works in the usual way. However, we are still left with the extra term (4.31) which,
after the trivial x7 integration, exactly reproduces the Green-Schwarz interaction (4.29).
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4.2 Hypermultiplets
To determine the action describing the boundary hypermultiplets and their interactions
with the bulk fields, we proceed as follows. Initially, we set up the basic formalism required
to describe D = 6 hypermultiplets and their gauging under Yang-Mills groups. Next, we
consider the simple case where the hypermultiplets are inert under the gauge group and we
construct the appropriate locally supersymmetric action. Finally, we consider gauging these
multiplets and we determine all extra terms required to maintain local supersymmetry.
4.2.1 General formalism
The construction of the gauged theory describing the hypermultiplets was discussed in
detail in [46]. To give a brief review, we write our nH boundary hypermultiplets as (ϕ
α, ζa+)
where α = 1, . . . , 4nH and a = 1, . . . , 2nH . The 4nH hyperscalars ϕ
α parameterize a
quaternionic manifold, i.e. a manifold whose holonomy group is a subgroup of Sp(nH) ×
Sp(1). We pick this manifold to be the coset space Sp(nH , 1)/Sp(nH) × Sp(1) and we
denote its metric by gαβ(ϕ). A representative of this space can be parameterized by a
matrix L whose Maurer-Cartan form decomposes as
L−1∂αL = ω
ab
α Tab + ω
ij
α Tij + V
ai
α Tai, (4.32)
where Tab and Tij are the Sp(nH) and Sp(1) generators, ω
ab
α and ω
ij
α are the associated
connections and Tai and V
ai
α are the coset generators and vielbeins. The Sp(nH) and
Sp(1) curvatures are denoted by Ω abαβ and Ω
ij
αβ respectively and the latter is expressed
in terms of the vielbeins as
Ω ijαβ = 2
(
V iαa V
aj
β + V
j
αa V
ai
β
)
. (4.33)
To gauge the hypermultiplets, we must make a choice for the Yang-Mills group G =∏
z Gz and the representations in which the hypermultiplets transform. One can also take
some of the Gz’s to be subgroups of the Sp(nH) × Sp(1) holonomy group whose Sp(1)
factor is identified with the R-symmetry group. In this section, we will take G1 = Sp(nH)
and G2 = Sp(1), without further specification of the remaining factors. The corresponding
gauge fields are denoted by Aabµ and A
ij
µ and their field strengths are defined in the usual
way. Under a Sp(nH)× Sp(1) gauge transformation, the gauge fields and the hyperscalars
transform according to
δAabµ = DµΛ
ab , δAijµ = DµΛ
ij, (4.34)
and
δϕα = Λabξαab + Λ
ijξαij , (4.35)
where ξαab and ξ
α
ij are Sp(nH) and Sp(1) Killing vectors, given by
ξαab = Tabϕ
α , ξαij = Tijϕ
α. (4.36)
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The covariant derivative acting on the hyperscalars is then
Dµϕα = ∂µϕα − Aabµ ξαab − Aijµ ξαij . (4.37)
As for the spinor covariant derivatives, they are defined by adding the appropriate compos-
ite connections of the form Dµϕαωα plus the gauge field terms. In particular, the covariant
derivative of the spinor ǫi parameterizing the SUSY transformations is modified to
Dµǫi = Dµǫi + (Dµϕα)ω ijα ǫj + Aijµ ǫj . (4.38)
As a result, the commutator of two covariant derivatives on ǫi is given by
[Dµ,Dν]ǫi = 1
4
RµνρσΓ
ρσǫi +DµϕαDνϕβΩ ijαβ ǫj − trz(FµνCijǫj), (4.39)
where Cij denotes the following triplet of Sp(nH)× Sp(1) matrices
Cij = ω ijα ξαcdT cd + ω ijα ξαklT kl − T ij . (4.40)
These matrices satisfy the identity [46]
DµCij = (Dµϕα)Ω ijαβ ξβ, (4.41)
where
ξα = ξαabTab + ξ
αijTij . (4.42)
The above construction is purely six-dimensional. To implement it in the context of
our bulk-brane theory, we must find a 7D explanation for the quaternionic structure of the
scalar manifold, or else our approach will not be consistent with local supersymmetry in
6D. We recall that, in the 6D case, the quaternionic structure is a result of the fact that the
gravitino is charged under the Sp(1) 6D R-symmetry so that the supersymmetry variation
of its kinetic term gives rise to a term involving the Sp(1) curvature. However, in our 7D
theory, the gravitino is a bulk field which does not couple to the boundary Sp(1) connection
and the quaternionic structure is not a priori imposed. However, we will soon see that the
required structure does indeed arise by a boundary condition on the bulk gauge field.
4.2.2 The action for neutral hypermultiplets
To construct the action, let us begin from the ungauged theory. Our starting point is the
globally supersymmetric Lagrangian
e−1L(0)H = −gαβ(ϕ)∂µϕα∂µϕβ − ζ¯aΓµDµζa, (4.43)
which is invariant under the transformations
δϕα = V αaiζ¯
aǫi , δζa = V aiα Γ
µ∂µϕ
αǫi. (4.44)
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As before, we introduce again the appropriate interaction of the gravitino with the super-
current,
L(1)H = 2eψ¯iµΓνΓµζaVαai∂νϕα, (4.45)
which, under δψ ∼ ΓGǫ, yields the uncancelled term
∆
(1)
H = −
1
6
√
2
eeφǫ¯iΓµΓνρσζaVαai∂µϕ
αGνρσ. (4.46)
This term cancels if we introduce the interaction
L(2)H = −
1
12
√
2
eeφζ¯aΓµνρζaGµνρ. (4.47)
Finally, there is also a term arising from the δζ variation in L(1)H , which is given by
∆
(2)
H = −
1
2
eψ¯µiΓ
µνρ∂νϕ
α∂ρϕ
βΩ ijαβ ǫj . (4.48)
To cancel this term, we note, as in [18, 19], that the bulk theory contains a ψ¯ΓψF2 inter-
action. Under δψ ∼ ∂ǫ, this term has the variation
− i
2
√
2
Eσψ¯LiΓ
LMNP∂P ǫjF
ij
MN , (4.49)
where F iMN j = F
I
MNL
i
I j. Following the same reasoning as in Section 4.1, we take the
total-derivative contribution of the P = 7 part, integrate over x7 and express the result in
the 6D basis. The result is
∆
(3)
H = −
i
2
√
2
ee−φ/2ψ¯µiΓ
µνρF ijνρ ǫj . (4.50)
This can exactly cancel ∆
(2)
H provided that F
ij
µν (normally vanishing on the boundary) is
subject to the following boundary condition, in the downstairs approach
F ijµν
∣∣
∂M
= i
√
2eφ/2∂µϕ
α∂νϕ
βΩ ijαβ , (4.51)
or the corresponding Bianchi identity in the upstairs approach. As explained in detail
in [19], this does indeed induce the required quaternionic structure on the scalar manifold
as a result of the Bianchi identity D[λF
ij
µν] = 0.
Collecting all terms, we arrive at the locally supersymmetric action for neutral hyper-
multiplets,
e−1LH = −gαβ(ϕ)∂µϕα∂µϕβ − ζ¯aΓµDµζa + 2ψ¯iµΓνΓµ∂νϕαVαaiζa
− 1
12
√
2
eeφζ¯aΓµνρζaGµνρ. (4.52)
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4.2.3 Gauging
Next, we shall extend our results for the case where the hypermultiplets are charged under
the gauge group. The first step in the construction of the theory is to replace all derivatives
by covariant ones with respect to the gauge group, that is, replace the hypermultiplet
Lagrangian and transformation rules by
e−1LH = −gαβ(ϕ)DµϕαDµϕβ − ζ¯aΓµDµζa + 2ψ¯iµΓνΓµDνϕαVαaiζa
− 1
12
√
2
eeφζ¯aΓµνρζaGµνρ, (4.53)
and
δϕα = V αaiζ¯
aǫi , δζa = V aiα Γ
µDµϕαǫi. (4.54)
After this modification, there arise additional uncancelled terms. First of all, the varia-
tion ∆
(2)
H is replaced by its covariant version. To cancel it, we could think of modifying
the boundary condition (4.51) to involve covariant derivatives as well. However, upon
applying this naive modification, we find that D[λF ijµν] contains a term proportional to
trz(Ω
ij
αβ DµϕαFλνξβ) and thus F ijµν fails to satisfy the 6D Bianchi identity required for
the quaternionic structure. The correct modification to 4.51 is instead given by
F ijµν
∣∣
∂M
= i
√
2eφ/2
[
DµϕαDνϕβΩ ijαβ − trz(FµνCij)
]
. (4.55)
and, by virtue of (4.41), the extra term on the RHS restores the Bianchi identity maintaining
the quaternionic structure; as we shall see below, this extra term is actually necessary for
local supersymmetry. After imposing (4.55), (4.50) is replaced by the additional variations
∆
(1)
G =
1
2
eψ¯µiΓ
µνρDνϕαDρϕβΩ ijαβ ǫj , (4.56)
and
∆
(2)
G =
1
2
e trz
(Cijψ¯iµΓµνρǫjFνρ) , (4.57)
the first of which exactly cancels the covariant version of ∆
(2)
H . Meanwhile, the hyperino
kinetic term also gives rise to the extra variation
∆
(3)
G = −e trz
(
ζ¯aΓ
µνFµνǫiV
ai
α ξ
α
)
. (4.58)
To cancel ∆
(2)
G , we may either modify the gaugino SUSY transformation law by adding the
extra term
δ1λi = av
−1
z Cijǫj , (4.59)
(summation over z implicit) or introduce the additional interaction
L(1)G = beeφ trz
(Cijψ¯iµΓµλj) . (4.60)
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Here, a and b are two coefficients, which can be determined by considering the ψ¯ΓFǫ terms.
The variations of this type arising from the δ1λ variation of LYM is
∆
(4)
G =
a
2
e trz
(Cijψ¯iµΓµνρǫjFνρ)− ae trz (Cijψ¯µiΓνǫjFµν) , (4.61)
while the δ0λ variation of L(1)G gives
∆
(5)
G = −
b
4
e trz
(Cijψ¯iµΓµνρǫjFνρ)− b2e trz (Cijψ¯µiΓνǫjFµν) . (4.62)
We observe that the requirement for cancellation of the ψ¯µΓ
µνρFνρǫ and ψ¯
µΓνFµνǫ terms
fixes the coefficients a and b to
a = −1
2
, b = 1. (4.63)
Next, let us consider the δ1λ variation of the gaugino kinetic term in LYM . Performing an
integration by parts and using (4.41), we obtain
∆
(6)
G = ee
φ trz
(Cijλ¯iΓµDµǫj)+ eeφ trz (λ¯iΓµΩ ijαβ Dµϕαξβǫj)
−1
2
eeφ trz
(Cijλ¯iΓµǫj∂µφ) . (4.64)
On the other hand, using ΓµΓνρσΓµ = 0, we find that the δψ variation of L(1)G is given by
∆
(7)
G = −eeφ trz
(Cijλ¯iΓµDµǫj) , (4.65)
and it exactly cancels the first term of ∆
(6)
G . The second term can be cancelled by the δζ
variation of the new term
L(2)G = −4eeφ trz
(
λ¯iζaV
ai
α ξ
α
)
. (4.66)
Taking the δ0λ variation of this term, we see that ∆
(3)
G cancels as well. We thus confirm the
fact that the boundary condition (4.55) that induces the variation ∆
(6)
G and necessitates the
addition of L(2)G is necessary for local supersymmetry; this serves to emphasize that local
6D supersymmetry requires the scalar manifold to be quaternionic. Two other uncancelled
terms are the δ1λ variations of the λ¯ΓχF2 and λ¯ΓλG3 terms of LYM , given by
∆
(8)
G =
1
4
e trz
(Cijχ¯iΓµνǫjFµν) , (4.67)
and
∆
(9)
G = −
1
12
√
2
ee2φ trz
(Cijλ¯iΓµνρǫjGµνρ) , (4.68)
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respectively. ∆
(8)
G is cancelled by the δ0λ variation of yet another new term
L(3)G = eeφ trz
(Cijχ¯iλj) , (4.69)
whose δχ variation is given by
∆
(9)
G = −
1
2
eeφ trz
(Cijλ¯iΓµǫj∂µφ)+ 1
12
√
2
ee2φ trz
(Cijλ¯iΓµνρǫjGµνρ) , (4.70)
so that its first part cancels the third term of ∆
(6)
G and its second part cancels ∆
(9)
G . What
remains to be cancelled are the δ1λ variations of L(1)G and L(3)G , given by
∆
(10)
G = −
1
2
eeφv−1z trz
(CijCjkψ¯iµΓµǫk) , (4.71)
and
∆
(11)
G = −
1
2
eeφv−1z trz
(CijCjkχ¯iǫk) , (4.72)
respectively. To cancel them, we introduce the term
L(4)G = −
1
2
eeφv−1z trz
(CijCij) , (4.73)
whose SUSY variation is given by
∆
(12)
G = −
1
4
eeφv−1z trz
(CijCijψ¯kµΓµǫk)− 14eeφv−1z trz (CijCijχ¯kǫk) , (4.74)
and the desired cancellation does indeed occur, due to the spinor identity
ψ¯iχj = −1
2
δijψ¯
kχk +
1
2
(σI)
i
j [ψ¯χ]I ; [ψ¯χ]I ≡ (σI)ijψ¯jχi. (4.75)
To summarize, the terms that should be added to Lbulk + L0 + LYM + LGS + LH in order
to restore local supersymmetry are the following
e−1LG = eφ trz
(
Cijψ¯iµΓµλj + Cijχ¯iλj − 4λ¯iζaV aiα ξα −
1
2
v−1z CijCij
)
. (4.76)
5 Anomaly cancellation
In this section, we shall describe the mechanism by which the anomalies of the bulk theory
cancel after introducing additional multiplets living on the boundary. We begin by analyz-
ing the gravitational anomalies of the bulk theory plus the gravitational, gauge and mixed
anomalies arising due to the extra boundary multiplets. Next, we present the conditions
necessary for the cancellation of anomalies, which result in stringent constraints on the
boundary matter content. Finally, we present the Green-Schwarz mechanism employed
for local anomaly cancellation and we briefly comment on the issues of global anomaly
cancellation and non-perturbative anomalies.
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5.1 Anomaly analysis
Here we will analyze the anomaly structure of the bulk-boundary theory and we will derive
the anomaly cancellation conditions that must be satisfied by any consistent model. For
the sake of simplicity, we restrict to the case where the gauge group is contained in Sp(nH),
i.e. does not include a subgroup of the Sp(1) R-symmetry group of the 6D SUSY algebra.
As remarked earlier on, the bulk theory dimensionally reduced on S1/Z2 has gravita-
tional anomalies as an obvious consequence of its chiral spectrum. By standard arguments,
the anomalies should be equally distributed in the two fixed planes. To determine their
form, we first observe that the contributions coming from the self-dual and anti-self-dual
parts of B2 cancel each other. Therefore, the anomaly on each fixed plane i is half of that
corresponding to a negative-chirality gravitino and N +2 positive-chirality spinors. Includ-
ing another factor of 1
2
due to the symplectic Majorana-Weyl property of the fermions, we
find
Ibulk8 (R) =
1
4
[
−I3/28 (R) + (N + 2)I1/28 (R)
]
. (5.1)
or, using the explicit expressions for the anomaly polynomials [13] summarized in Appendix
B,
Ibulk8 (R) =
1
960
[
(243−N) trR4 − 5
4
(45 +N)(trR2)2
]
. (5.2)
Next, let us consider the gravitational anomaly of the boundary multiplets on a given
fixed plane. The inclusion of the boundary multiplets, namely the nT tensor multiplets,
the nH hypermultiplets and the nV vector multiplets, leads to the following contribution
to the gravitational anomaly
Ibdy8 (R) =
1
2
[
nT I
A
8 (R) + (nT + nH − nV ) I1/28 (R)
]
, (5.3)
which has the explicit form
Ibdy8 (R) =
1
960
[
(2nV − 2nH − 58nT ) trR4 + 5
4
(2nV − 2nH + 14nT ) (trR2)2
]
. (5.4)
Putting everything together, we find that the total gravitational anomaly is given by
I total8 (R) =
1
960
[
(2nV − 2nH − 58nT + 243−N) trR4
+
5
4
(2nV − 2nH + 14nT − 45−N) (trR2)2
]
, (5.5)
Since SO(5, 1) has an independent fourth-order Casimir, the trR4 term in the above
anomaly is irreducible and its coefficient is required to vanish. Hence, we must require
that
2nH + 58nT − 2nV = 243−N, (5.6)
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in which case the total gravitational anomaly is given by the expression
I8(R) = −3
8
(
1− nT
4
)
(trR2)2 ≡ −3
8
k(trR2)2. (5.7)
After the inclusion of the boundary multiplets, the theory also has gauge and mixed
anomalies arising from the couplings of spinors to the gauge field. The relevant con-
tributions come from the negative-chirality gauginos of the vector multiplet and from the
positive-chirality hyperinos. To study these anomalies, we will denote the trace in a generic
representation Rz,k of Gz by trz,k while, as usual, we will reserve the notation Trz for the
trace in the adjoint. Also, following Schwarz [50], we will define
X(n)z = Trz F
n −
∑
k
nz,k trz,k F
n , Yzz′ =
∑
i,j
nzz′,ij trz,i F
2 trz′,j F
2. (5.8)
Starting from gauge anomalies, we find that the anomaly corresponding to fermions trans-
forming in representations of a single Gz factor is given by
I8,z(F ) =
1
2
[
−I1/28,z (F ) +
∑
k
nz,kI
1/2
8,z,k(F )
]
=
1
2
(
Trz F
4 −
∑
k
nz,k trz,k F
4
)
=
1
2
X(4)z , (5.9)
while the anomaly corresponding to fermions transforming in representations of Gz ×Gz′ is
I8,zz′(F ) = −3
∑
i,j
nzz′,ij trz,i F
2 trz′,j F
2 = −3Yzz′. (5.10)
Summing over the various gauge group factors, we find the gauge anomaly
I8(F ) =
1
2
∑
z
X(4)z −
3
2
∑
z 6=z′
Yzz′. (5.11)
where the extra 1
2
in front of Yzz′ takes care of double counting. Similarly, for the mixed
anomaly, the contribution from Gz is given by
I8,z(F,R) = −1
8
trR2
(
Trz F
2 −
∑
k
nz,k trz,k F
2
)
= −1
8
trR2X(2)z . (5.12)
and the sum over all gauge group factors reads
I8(F,R) = −1
8
trR2
∑
z
X(2)z . (5.13)
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Collecting all contributions, we finally arrive at the total anomaly
I8 =
1
2
[∑
z
X(4)z − 3
∑
z 6=z′
Yzz′ − 1
4
trR2X(2)z −
3k
4
(trR2)2
]
. (5.14)
In order for this anomaly to cancel via the Green-Schwarz mechanism, the polynomial
(5.14) must factorize. To determine the conditions under which factorization can occur,
it is convenient to express the F–dependent terms in terms of traces with respect to the
fundamental representation of each Gz. We write
X(4)z = αz trz F
4 + γz(trz F
2)2
X(2)z = βz trz F
2 (5.15)
Yzz′ = δzz′ trz F
2 trz′ F
2
where αz, βz, γz and δzz′ are some coefficients which depend on the various groups and
representations. Substituting into (5.14), we write our anomaly polynomial as
I8 =
1
2
[ ∑
z
αz trz F
4 +
∑
z
γz
(
trz F
2
)2 − 3∑
z 6=z′
δzz′ trz F
2 trz′ F
2
−1
4
trR2
∑
z
βz trz F
2 − 3
4
(trR2)2
]
. (5.16)
Since each trz F
4 term carries a coefficient αz (generally dependent on the nz,k’s), factoriza-
tion can occur either (i) when every trz F
4 term is reducible, so that αz is manifestly zero or
(ii) when we set αz = 0 by our choice of boundary multiplets. The first condition is strictly
group-theoretical and holds for all representations having no fourth-order Casimirs, while
the second one is model-dependent. In any case, our anomaly polynomial can be written
as
I8 = −3
8
[
k(trR2)2 +
1
3
trR2
∑
z
βz trz F
2 − 4
3
∑
z
γz
(
trz F
2
)2
+4
∑
z 6=z′
δzz′ trz F
2 trz′ F
2
]
. (5.17)
In order for this to cancel via the Green-Schwarz mechanism, it must factorize as
I8 = −3k
8
(
cz trz F
2 − trR2) (c˜z trz F 2 − trR2) . (5.18)
where we reintroduced the summation convention for z. This can happen provided that (i)
for each z,
cz + c˜z = − 1
3k
βz , cz c˜z = − 4
3k
γz (5.19)
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and (ii) for each pair z 6= z′,
cz c˜z′ + cz′ c˜z =
4
k
δzz′ (5.20)
Eqs. (5.19) and (5.20) are similar to the conditions found in [49] and they are interpreted
as follows. The first two conditions of (5.19) can be used to determine cz and c˜z: real
solutions exist when
β2z + 48kγz ≥ 0, (5.21)
in which case they are given by the roots of the equation
3kx2 + βzx− 4γz = 0. (5.22)
The third condition (5.20) amounts then to a set of non-trivial relations that must be sat-
isfied by the group-theoretical coefficients βz, γz and δzz′, which, in turn result to stringent
restrictions on the boundary matter content.
The extension of the above in the case where a Sp(1) or U(1) R-symmetry subgroup
is gauged is straightforward. One has just to supplement the gauge and mixed anomaly
polynomials by the contributions from R-charged fermions, i.e. the boundary gauginos
(and possibly tensorinos). One again arrives at similar expressions as those presented just
above.
So far, we have considered only one single fixed plane. However, having in mind that we
intend to cancel the anomalies by a Green-Schwarz mechanism using a single bulk 2–form,
we have to ensure that one of the two factors in the factorization equation (5.18) is common
to both planes. Taking this to be the second factor, we have thus the additional restriction
c˜(1)z = c˜
(2)
z . (5.23)
This condition obviously holds when the boundary matter and gauge groups are the same
on both fixed planes, as in the HW model.
5.2 Green-Schwarz anomaly cancellation
Provided that the local anomaly cancellation conditions described above are satisfied, the
application of the Green-Schwarz mechanism is straightforward. Since a Lagrangian for-
mulation of the theory is possible only for nT = 0 (k = 1), we will concentrate on this case.
Our starting point is the factorized anomaly polynomial
I8 = −3
8
(
cz trz F
2 − trR2) (c˜z trz F 2 − trR2) . (5.24)
The 6D Yang-Mills and Lorentz Chern-Simons forms ω3Y,z and ω3L satisfy
dω3Y,z = trz F
2 , dω3L = trR
2, (5.25)
and their gauge and Lorentz variations are respectively given by the descent equations
δω3Y,z = dω
1
2Y,z , δω3L = dω
1
2L. (5.26)
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It is not hard to see that the resulting variation of the supergravity effective action from
fermion loops can be written as
δΓ = −ξ
∫ (
c˜zω
1
2Y,z − ω12L
) (
cz trz F
2 − trR2) . (5.27)
where we introduced the shorthand
ξ ≡ 1
32(2π)3
. (5.28)
On the other hand, our Green-Schwarz term, determined by supersymmetry consider-
ations in Section 4 reads, completed with its gravitational part,
SGS = − 1√
2
∫
B2
(
vz trz F
2 − trR2) . (5.29)
To cancel the anomalies using this term, we set all undetermined coefficients vz to the
values
vz = cz, (5.30)
we endow B2 with the anomalous gauge/Lorentz transformation law
δB2 = −
√
2ξ
(
c˜zω
1
2Y,z − ω12L
)
(5.31)
and we appropriately modify its field strength so that it remains gauge/Lorentz invariant,
that is, we set
G3 = dB2 +
√
2ξ (c˜zω3Y,z − ω3L) . (5.32)
After these modifications, it is readily seen that the anomalous variation of SGS under
gauge/Lorentz transformations of B2 is equal and opposite from that of Γ, yielding the
desired anomaly cancellation,
δ (Γ + SGS) = 0, (5.33)
as required. It is expected that anomaly cancellation will still be possible even in the
presence of more tensor multiplets by an appropriate modification of the Green-Schwarz
mechanism [41].
5.3 Global anomaly cancellation and non-perturbative anomalies
Apart from the local cancellation of anomalies on the orbifold fixed points, the anomalies
of the theory must also cancel globally on our orbifold. Labelling the two orbifold fixed
planes and all quantities pertaining to them by an index i taking the values 1 (x7 = 0)
and 2 (x7 = πR), we find that cancellation of the irreducible trR
4 part of the gravitational
anomaly requires that
2∑
i=1
(
n
(i)
H + 29n
(i)
T − n(i)V
)
= 243−N (5.34)
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Provided that this holds, the remaining gauge, gravitational and mixed anomalies can
cancel, in the case nT = 0, when the total anomaly polynomial factorizes as
I
(1)
8 + I
(2)
8 = −
3
4
(∑
i
u(i)z trz F
(i)2 − trR2
)(∑
i
u˜(i)z trz F
(i)2 − trR2
)
. (5.35)
where u
(i)
z and u˜
(i)
z are some numerical constants. In the case nT > 0, this factorization
condition need not be satisfied; the anomaly can cancel by the generalized Green-Schwarz
mechanism.
One final issue concerns non-perturbative anomalies of the type first discovered by
Witten [52] for the case of an odd number of 4D Weyl fermions coupled to an SU(2) gauge
field. In the present case, such anomalies may appear when one of the gauge group factors
Gz has non-trivial sixth homotopy group since this implies that fermionic path integrals in
certain representations may pick up phase factors under “large” gauge transformations and
are therefore ill-defined. Among all possible simple groups, the only one that can give rise
to such anomalies is G2 due to the fact that π6(G2) = Z3. In such a case, the condition for
the absence of such anomalies is determined by the “mod 3” Atiyah-Singer index theorem.
6 The complete bulk-boundary action
We are now in a position to write down the locally supersymmetric action resulting from the
combination of the bulk action as well as the various boundary contributions constructed
above. The full action of our theory reads
S =
∫
d7xL7 +
∫
d6xL(1)6 +
∫
d6xL(2)6 , (6.1)
where L7 is the bulk Lagrangian given by (2.37), while L(i)6 denotes the boundary La-
grangian localized at the fixed plane i. For the fixed plane at x7 = 0, we have
e−1L(1)6 = −
1
4
e−φcz trz (FµνF
µν)− eφcz trz
(
λ¯iΓµDµλi
)− gαβ(ϕ)DµϕαDµϕβ
−ζ¯aΓµDµζa − 1
12
√
2
eφ
[−eφcz trz (λ¯iΓµνρλi)+ ζ¯aΓνρσζa]Gµνρ
−1
2
cz trz
(
ψ¯iµΓ
νρΓµλiFµν
)− 1
2
cz trz
(
λ¯iΓµνχiFµν
)
+ 2ψ¯iµΓ
νΓµDνϕαVαaiζa
+eφ trz
(Cijψ¯iµΓµλj)+ eφ trz (Cijχ¯iλj)− 4eφ trz (λ¯iζaV aiα ξα)
−1
2
eφc−1z trz
(CijCij)− 1
8
√
2
e−1ǫµνρστυBµνcz trz (FρσFτυ)
−
√
2
3
eφC. (6.2)
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On the bulk, the action (6.1) is invariant under the SUSY transformations listed in (2.38).
On a given boundary, the action is invariant under the SUSY transformations obtained
by combining the transformations of the boundary theory of the surviving bulk fields with
those of the additional boundary multiplets. These transformations are listed below.
δea µ =
1
2
ǫ¯iΓaψµi,
δφ =
1
2
ǫ¯iχi,
δBµν = e
−φ
(
− 1√
2
ǫ¯iΓ[µψν]i +
1
2
√
2
ǫ¯iΓµνχi
)
,
δψµi = Dµǫi − 1
24
√
2
eφΓνρσΓµGνρσǫi,
δχi =
1
2
Γµ∂µφǫi − 1
12
√
2
eφΓµνρGµνρǫi, (6.3)
δAµ = e
φǫ¯iΓµλi,
δλi = −1
4
e−φΓµνǫiFµν − 1
2
c−1z Cijǫj ,
δϕα = V αaiζ¯
aǫi,
δζa = V aiα Γ
µDµϕαǫi.
The Lagrangian (6.2) contains all couplings for the case of D = 6, N = (0, 1) super-
gravity coupled to one tensor multiplet, nV vector multiplets and nH hypermultiplets found
in [44, 45]. Among the various interaction terms, a particularly important role is played
by the Green-Schwarz term B2 ∧ trF 2 (and its gravitational counterpart B2 ∧ trR2) that
cancel the anomalies of this theory. The 7-dimensional origin of these couplings is now
clarified: they appear as a consequence of dualizing the 3–form theory on a manifold with
boundary.
7 Conclusions
In the present work, we discussed brane worlds in seven-dimensional minimal N = 2 Yang-
Mills-Einstein supergravity. The bulk theory is the one of [34], where N abelian vector
multiplets are coupled to pure 7D supergravity. In our construction we have employed
the 3–form version of [30] from where the 2–form version is obtained by Poincare´ duality.
The latter produces surface terms, thrown away usually, which we keep however, as the
seven-dimensional vacuum spacetime of the theory is of the form M6×S1/Z2 and, thus, it
has boundaries at the fixed points of the Z2 action. These surface terms are nothing else
than Green-Schwarz terms, necessary for the cancellation of anomalies in the boundary
6D theory. This should be anticipated with the 3–form version of the 7D theory [18, 19]
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and the HW case [6, 7], where the existence of a bulk Chern-Simons term is crucial for
the anomaly cancellation. This is also the case for 5D theories as well. Here there is no
bulk Chern-Simons term to participate in the anomaly cancellation [53], but instead, there
exists a boundary Green-Schwarz term to do this.
The 3N scalars of the 7D theory parametrize the coset SO(N, 3)/SO(N)× SO(3) and
an appropriate subgroup G ⊂ SO(N, 3) of the isometry group SO(N, 3) can be gauged. In
that case, supersymmetry is maintained by the introduction of a potential, given in (3.1),
for the scalars. Contrary to the 3–form version, the 2–form version of the 7D minimal
N = 2 supergravity admits a 7D Minkowski vacuum. We may then compactify the theory
down to six dimensions on the orbifold S1/Z2. The resulting effective 6D theory contains
in its massless sector a gravity multiplet, a tensor multiplet and N + 1 vector multiplets.
As this spectrum is anomalous, extra matter fields are needed at the fixed planes to cancel
the anomalies. This matter fields can be either 6D vector, hyper or tensor multiplets. We
are not considering here extra tensor multiplets as there is no Lagrangian in that case and
we left this possibility for future work. Here, the matter at the boundaries necessary to
cancel the anomalies comes in the form of vector and hypers. Following [44, 45, 46, 47, 48],
we considered without loss of generality the case in which the scalars parametrize the
symmetric space Sp(nH , 1)/Sp(nH)×Sp(1), whose isometry group is Sp(nH , 1). The latter
is a global symmetry of the supergravity theory and we gauged then its maximal compact
subgroup Sp(nH) × Sp(1). All the results obtained here for this particular choice of the
gauge group can easily be generalized to other quaternionic hyperscalar spaces. It should
be noted that the hypermultiplets are not neutral as in [18, 19], but rather charged under
the gauge group. In addition, both the vector and hypermultiplets are coupled to the bulk
fields and their couplings have been specified by supersymmetry.
We should also mention that, since the brane worlds constructed here are six dimen-
sional, compactification down to four dimensions is needed. Such a compactification which
involves an S2, much like the monopole compactification [54], will be presented elsewhere.
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A Conventions
We closely follow the sign and normalization conventions used in [18, 19]. Our spacetime
metric has the “mostly-plus” signature (−,+, . . . ,+). The 6D 8×8 matrices Γa satisfy the
Clifford algebra
{Γa,Γb} = 2ηab , a, b = 0, . . . , 5, (A.1)
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while the 7D gamma matrices are ΓA = (Γa,Γ7) with the latter given by
Γ7 = Γ
0 . . .Γ5, (A.2)
so that (Γ7)
2 = 1. The 6D gamma matrices satisfy the duality relation
Γµ1...µn =
(−1)[n/2]
(6− n)! ǫ
µ1...µnµn+1...µ6Γµn+1...µ6Γ7. (A.3)
Our spinors satisfy the symplectic Majorana condition
χi = ǫijχ¯Tj , χ¯i = χ
i†Γ0 (A.4)
where i, j = 1, 2 are Sp(1) R-symmetry indices and ǫij is the Sp(1)–invariant tensor, defined
as
ǫij = ǫ
ij =
(
0 1
−1 0
)
. (A.5)
This tensor is used for raising and lowering Sp(1) indices according to the standard NW-SE
convention,
χi = ǫijχj , χi = χ
jǫji. (A.6)
The same convention is employed in the contraction of Sp(1) indices in all spinor inner
products,
χ¯ΓM1...Mnψ ≡ χ¯iΓM1...Mnψi. (A.7)
We also note that the following identities hold
χ¯iΓM1...Mnψj = (−1)n+1ψ¯jΓMn...M1χi. (A.8)
and
χ¯ΓM1...Mnψ = (−1)nψ¯ΓM1...Mnχ. (A.9)
In 6 dimensions, a symplectic Majorana spinor decomposes into positive- and negative-
chirality parts according to χi = χi+ + χi−, where χi± are symplectic Majorana-Weyl
spinors satisfying Γ7χ
i± = ±χi±.
B Anomaly polynomials
In the discussion of anomaly cancellation, we will use the following normalization for the
8–form anomaly polynomials,
I
1/2
8 (F ) = − trF 4,
I
1/2
8 (R) = −
1
240
trR4 − 1
192
(trR2)2,
I
1/2
8 (F,R) =
1
4
trR2 trF 2, (B.1)
I
3/2
8 (R) = −
49
48
trR4 +
43
192
(trR2)2,
IA8 (R) = −
7
60
trR4 +
1
24
(trR2)2.
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where the superscripts 1/2, 3/2 and A refer to a spin 1/2 fermion, a spin 3/2 fermion
and a 2–form antisymmetric tensor potential respectively. The above anomaly polynomials
correspond to Weyl spinors of positive chirality and 2–form potentials with self-dual field
strengths. For a Majorana-Weyl spinor, one needs to include a factor of 1
2
, while for a
negative-chirality spinor (or an anti-self-dual field strength) the sign of the anomaly must
be reversed.
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